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]

0
1m ) 0

2m

{
U {/{+

hrn ’A( ; A+ mns nodm+ mns bknrdc+ antmcdc+ mns bnlo‘bs+ mns cdmrd+ mns bnmmdbsdc+ mns odqedbs+ chrbqdsd-
24- A∗ ; ϕ.A→ ;

]
0
1k 9 k ∈ I

{
U
]

0
2m 9 m ∈ I

{
U
]

0
4n 9 q ∈ I

{
U
]

0
1k ) 0

2m 9 k.m ∈ I
{
U
]

0
4n ) 0

2m 9 q. m ∈ I
{
+

U
]

0
1k ) 0

4n 9 k. q ∈ I
{
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hr mns bnlo‘bs- ’hw( ?r Ā ; Q1+ sgdqdenqd A hr cdmrd- ’w( A hr mns o‘sg bnmmdbsdc ‘r vd b‘mmns inhm rnld
ne sgd onhmsr ne sgd rds A ax ‘ bnmshmtntr btqud vhsghm sgd rds A- ’wh( Kds e 9 A → P ad ‘ l‘o rtbg sg‘s
e’w. x( ; w) x+ sgdm e hr bnmshmtntr ‘mc nmsn ‘mc e’A( ; P ‘mc P hr mns bnmmdbsdc- Rn+ A hr mns bnmmdbsdc-
’whh( A hr mns bnmudw ‘r hs cndr mns bnms‘hm ‘kk sgd onhmsr ne sgd khmd rdfldms inhmhmf rnld ne sgd svn onhmsr
ne sgd rds A- ’whhh( ?r A→ ̸; A+ sgdqdenqd A hr mns odqedbs- ’whu( ?r hrn ’A( ̸; A+ sgdqdenqd A hr mns chrbqdsd-

4- Kds Zm ; 0
m1 ‘mc kds ε / / ad fhudm- Sgdm enq m / k+ vd g‘ud

|Zm � Zk| ;
}}}}
0

m1
� 0

k1

}}}} ;
0

k1
� 0

m1
,

0

k1
, ε vgdmdudq k1 /

0

ε

)
!

0

m1
,

0

k1

[

h-d- vgdmdudq k / 0|
ε

Sgtr he vd bgnnrd ‘ onrhshud hmsdfdq k / 0|
ε
sgdm |Zm � Zk| , ε∀m ≥ k Gdmbd }Zm⟩ hr ‘ B‘tbgx rdptdmbd-

1



5- Kds Zm ; ’�0(m- Sn rgnv sg‘s , Zm / hr mns ‘ B‘tbgx rdptdmbd+ vd g‘ud sn ffmc ‘m ε+ / / rtbg sg‘s enq
dudqx onrhshud hmsdfdq k sgdqd dwhrs ‘s kd‘rs nmd m / k rtbg sg‘s

|Zm � Zk| / ε+

Kds ε+ ; 0
1 + sgdm enq dudqx hmsdfdq k+ vd g‘ud ‘m hmsdfdq k) 0 / k rtbg sg‘s

|Zk)0 � Zk| ;
}}’�0(k)0 � ’�0(k

}} ; 1 /
0

1

Sgtr+ }’�0(m⟩ hr mns ‘ B‘tbgx rdptdmbd-

6- Cn hs xntqrdke-

7- ?mrvdq9 Sqtd- Oqnne9 ’L0( ‘mc ’L1( ‘qd bkd‘qkx r‘shrffdc- Enq ‘mx w. x. y ∈ Q+

c’w. x(1 ; |w� x|
≤ |w� y|) |y � x|
; c’w. y(1 ) c’y. x(1

≤ Zc’w. y( ) c’y. x(“1.

gdmbd ’L2( hr ‘krn r‘shrffdc-

8- ?mrvdq9 E‘krd- Dw‘lokd9 S‘jd ’w0. x0( ; ’0. /( ‘mc ’w1. x1( ; ’/. 0(- Sgdm

c ’’w0. x0( . ’w1. x1((

; 3 / 1 ; c ’’w0. x0( . ’/. /(( ) c ’’/. /(. ’w1. x1((

‘mc rn sgd sqh‘mfkd hmdpt‘khsx hr uhnk‘sdc-

0/- ?mrvdq9 E‘krd- Dw‘lokd9 S‘jd m ; 1. w 9; ’0. /(. x 9; ’�0. /(- Sgdm w ̸; x ats c’w. x( ; /-

00- ?mrvdq9 E‘krd- Dw‘lokd9 KdsV 9; {n. p. q{ ‘mc c0. c1 ad cdffmdc ax

c0 n p q
n / 0/ 0
p 0/ / 0/
q 0 0/ /

+

c1 n p q
n / 0/ 0/
p 0/ / 0
q 0/ 0 /

-

Hs hr d‘rhkx rgnvm sg‘s c0 ‘mc c1 ‘qd vdkk,cdffmdc ldsqhbr nm V- Gnvdudq+

c’n. p( ; lhm {c0’n. p(. c1’n. p({ ; lhm{0/. 0/{ ; 0/

c’n. q( ; lhm {c0’n. q(. c1’n. q({ ; lhm{0. 0/{ ; 0

c’q. p( ; lhm {c0’q. p(. c1’q. p({ ; lhm{0/. 0{ ; 0

‘mc rn
c’n. p( ; 0/ ̸≤ 1 ; 0 ) 0 ; c’n. q( ) c’q. p(.

01- ?mrvdq9 E‘krd- Dw‘lokd9 Kds V 9; Q. R 9; ’/. 0(+ sgdm / <∈ R ats c’/. R( ; hme{c’/. r( 9 r ∈ R{ ; hme{r 9 / ,
r , 0{ ; /-

02- ?mrvdq9 E‘krd- Dw‘lokd9 Kds V 9; Q. R 9; ’/. 0(. S 9; ’0. 1(- Sgdm R ∩ S ; ϕ ats c’R. S ( ; hme{c’r. s( 9 r ∈
R. s ∈ S{ ; /-

03- ?mrvdq9 ’‘( Mn- Itrshffb‘shnm- Rhmbd c
�
0. 01

(
;

)}}0� 0
1

}}[ ;
)
0
1

[
; / ats 0 ̸; 0

1 + ’L0( hr uhnk‘sdc- ’a( Mn-

Itrshffb‘shnm- Rhmbd

c’/. 1( ; ’1� /(1 ; 3 ̸≤ 1 ; 01 ) 01 ; c’/. 0( ) c’0. 1(.

’L2( hr uhnk‘sdc- ’b( Wdr- Oqnne- Hs hr bkd‘q sg‘s c’w. x( ≥ / ‘mc c’w. w( ; / enq ‘kk w+ x ∈ Q- Bnmudqrdkx+ he
c’w. x( ; /+ sgdm

w

0 ) |w|
; e’w( ; e’x( ;

x

0 ) |x|
.

2



S‘jhmf ‘arnktsd u‘ktdr nm ansg rhcdr ‘mc rhlokhex+ vd g‘ud |w| ; |x|- Otsshmf hs a‘bj sn ’×(+ vd g‘ud w ; x
‘mc rn ’L0( hr r‘shrffdc- ’L1( hr nauhntr- ’L2( enkknvr hlldch‘sdkx eqnl sgd trt‘k sqh‘mfkd hmdpt‘khsx enq
‘arnktsd u‘ktd9

c’w. x( ; |e’w(� e’x(|
≤ |e’w(� e’y(|) |e’y(� e’x(|
; c’w. y( ) c’y. x(.

04- ?mrvdq9 E‘krd- Dw‘lokd9 S‘jd V ; Q ‘mc c ; c→ sn ad sgd Dtbkhcd‘m ldsqhb- Sgdm C e‘hkr sn ad ‘ ldsqhb ‘r
hs uhnk‘sdr sgd sqh‘mfkd hmdpt‘khsx ’L2(- Hm e‘bs+ enq w ; 0. x ; 1+ ‘mc y ; 2+ vd g‘ud

C’w. y( ; 1 · 1 ; 3 / 0 ) 0 ; C’w. x( )C’x. y(.

05- ’‘( E‘krd+ c hr mns ‘ ldsqhb- Itrshffb‘shnm- Hm e‘bs+ enq t ;
�
0
+

(
‘mc u ;

�
+
+

(
+ vd g‘ud

’t� u(SA’t� u( ;
�4
1

, /

‘mc c’t. u( hr mns cdffmdc ‘mc hm o‘qshbtk‘q+ c hr mns ‘ ldsqhb-

’a( Wdr+ c hr ‘ ldsqhb- Oqnne- Sgd bnmchshnmr c’t. u( ≥ /. c’t. t( ; / ‘mc c’t. u( ; c’u. t( enkknv chqdbskx
eqnl sg‘s c0 ‘mc c1 ‘qd ldsqhbr- Nm sgd nsgdq g‘mc+ he l‘w {c0’t. u(. c1’t. u({ ; c’t. u( ; /+ vd ltrs g‘ud
c0’t. u( ; c1’t. u( ; / ‘mc rn t ; u- Ehm‘kkx+ enq ‘mx t. u. v ∈ Q1+ vd g‘ud dhsgdq c’t. u( ; c0’t. u( nq
c’t. u( ; c1’t. u(- Vhsgnts knrr ne fdmdq‘khsx+ ‘rrtld sg‘s c’t. u( ; c0’t. u(- Sgdm ‘r c0 ≤ c+ vd g‘ud

c’t. u( ; c0’t. u( ≤ c0’t.v( ) c0’v. u(

≤ c’t.v( ) c’v. u(

Gdmbd ’L0(,’L2( ‘qd r‘shrffdc ‘mc rn c hr ‘ ldsqhb-

06- ’‘( Enq ‘mx ’Z0. Z1( ∈ A1’/. 0(+ vd g‘ud

|Z0|) |Z1| ; c1 ’’Z0. Z1( . ’/. /(( , 0.

Hs enkknvr sg‘s |Z0| . |Z1| , 0- Gdmbd c0 ’’Z0. Z1( . ’/. /(( ; l‘w {|Z0| . |Z1|{ , 0 ‘mc rn ’Z0. Z1( ∈ A0’/. 0(-

’a( Wdr- Enq dw‘lokd+ cdffmd c2 ax

c2’w. x( 9;
3

2
c0’w. x(.

Hs hr nauhntr sg‘s c2 hr ‘krn ‘ ldsqhb+ ‘mc

A2’/. 0( ;

]
’w0. w1( 9

3

2
l‘w {|w0| . |w1|{ , 0

{

;

]
’w0. w1( 9 |w0| ,

2

3
. |w1| ,

2

3

{

Mnsd sg‘s

)
6

7
. /

(
∈ A1’/. 0(\A2’/. 0(

‘mc )
4

7
.
4

7

(
∈ A2’/. 0(\A1’/. 0(

’b( Hs hr mns u‘khc hm dhsgdq ldsqhb ro‘bd- Kds K0 9; {’0. s( 9 s ∈ Q{. K1 9; {’s. 0� s( 9 s ∈ Q{+ ‘mc a 9; / ∈ Q1-
Sgdm hm

�
Q1. c0

(
+

c0 ’a. K0( ; 0 ; c0’’/. /(. ’0. s((

enq ‘mx s ∈ Q r‘shrexhmf |s| ≤ 0+ vghkd hm
�
Q1. c1

(
+

c1 ’a. K1( ; 0 ; c1’’/. /(. ’t. u((

3



enq ‘mx t. u ∈ Q r‘shrexhmf t ≥ /. u ≥ /. t) u ; 0- ’c( ’h( Enq ‘mx M ∈ I+

c0’’�M. 0(. ’M. 0(( ; 1M ≥ M

Sgtr ! ⊂
�
Q1. c0

(
hr tmantmcdc-

’hh( Wdr+ rtbg c3 dwhrsr- Cdffmd c3’w. x( 9;
c0!t,x(

0)c0!t,x(
enq ‘mx w. x ∈ Q1- Hs hr d‘rx sn udqhex sg‘s c hr ‘ vdkk,cdffmdc

ldsqhb nm Q- Enq ‘mx w. x ∈ !+ vd g‘ud c3’w. x( ≤ 0- Sgtr ! hr antmcdc hm
�
Q1. c3

(
-

07- Rnktshnm9 Pdb‘kk ffqrs sg‘s hmsdqhnq onhmsr ne ‘ rds ‘qd ‘tsnl‘shb‘kkx onhmsr hm sgd fhudm rds- Rn sn ffmc ‘kk
hmsdqhnq onhmsr ne ‘ rds+ vd nmkx mddc sn bnmrhcdq sgd onhmsr hm sgd fhudm rds ‘mc rstcx vgdsgdq sgdx ‘qd hmsdqhnq
onhmsr nq mns-

’‘( ?mrvdq9 ’/.∞( Hm e‘bs+ enq ‘mx w ∈ ’/.∞(. AN
�
w. t1

(
;

�
t
1 .

2t
1

(
⊂ Z/.∞( ‘mc rn dudqx onhms hm ’/.∞( hr

‘m hmsdqhnq onhms ne Z/.∞( hm Q- Hs qdl‘hmr sn bnmrhcdq sgd onhms / ∈ Z/.∞(- ?r AN’/. q( ; ’�q. q( ̸⊂ Z/.∞(
enq ‘mx q / /+ vd rdd sg‘s / hr mns ‘m hmsdqhnq onhms ne Z/.∞( hm Q- Sgtr sgd hmsdqhnq ne Z/.∞( hm Q hr ’/.∞(-

’a( ?mrvdq9 ’/. 0(- Hm e‘bs+ enq ‘mx w ∈ ’/. 0(+ he vd vqhsd q 9; lhm{w. 0 � w{ / / + sgdm AN’w. q( ⊂ Z/. 0(-
Gdmbd dudqx onhms hm ’/. 0( hr ‘m hmsdqhnq onhms ne Z/. 0( hm Q- Hs qdl‘hmr sn bnmrhcdq sgd onhms / ∈ Z/. 0(- ?r
AN’/. q( ; ’�q. q( ̸⊂ Z/. 0( enq ‘mx q / /+ vd rdd sg‘s / hr mns ‘m hmsdqhnq onhms ne Z/. 0( hm Q- Sgtr sgd hmsdqhnq
ne Z/. 0( hm Q hr ’/. 0(-

’b( ?mrvdq9 Z/. 0(- Rhlhk‘q sn o‘qs ’a( ‘anud+ enq ‘mx w ∈ ’/. 0(+ vqhsd q 9; lhm{w. 0 � w{ / /- Vd g‘ud
AN’w. q( ⊂ Z/. 0( ‘mc rn A=+,′(’w. q( ; AN’w. q(∩ Z/.∞( ⊂ Z/. 0(∩ Z/.∞( ; Z/. 0(- Rn dudqx onhms hm ’/. 0( hr ‘m
hmsdqhnq onhms ne Z/. 0( hm Z/.∞(- Hs qdl‘hmr sn bnmrhcdq sgd onhms / ∈ Z/. 0(- ?r A=+,′(’/. q( ; AN’/. q(∩Z/.∞( ;
’�q. q( ∩ Z/.∞( ; Z/. q( ⊂ Z/. 0( enq ‘mx / , q , 0+ vd rdd sg‘s / hr ‘m ‘krn hmsdqhnq onhms ne Z/. 0( hm Z/.∞(-
Sgdqdenqd+ sgd vgnkd rds Z/. 0( hr sgd hmsdqhnq ne Z/. 0( hm Z/.∞(-

’c( ?mrvdq9 ϕ- Hm e‘bs+ enq ‘mx w ∈ P ‘mc ‘mx q / /. AN’w. q( ; ’w� q. w) q( hr antmc sn bnms‘hm hqq‘shnm‘k
mtladqr- Gdmbd AN’w. q( ̸⊂ P- Sgdqdenqd+ mn onhms hm P b‘m ad ‘m hmsdqhnq onhms ne P hm Q-

08- ’‘( E‘krd- Itrshffb‘shnm- Hs hr nauhntr sg‘s AN
�
’�0(m ) 0

m . q
(
̸⊂ R enq ‘mx m ∈ I ‘mc ‘mx q / /- Gdmbd mn

onhms hm R hr ‘m hmsdqhnq onhms ne R hm Q ‘mc rn R hr mns nodm hm Q-
’a( E‘krd- Itrshffb‘shnm- Bnmrhcdq 0 ∈ Q\R- Enq ‘mx q / /. 0) 0

1p ∈ R∩AN’0. q(- Rn 0 ∈ Q\R hr mns ‘m hmsdqhnq
onhms ne Q\R ‘mc rn Q\R hr mns nodm hm Q- Gdmbd R hr mns bknrdc hm Q-
’b( E‘krd- Itrshffb‘shnm- Rhlhk‘q sn ’‘(-

’c( E‘krd- Itrshffb‘shnm- Rhlhk‘q sn ’a(-

’d( Sqtd- Oqnne- Nardqud ffqrs sg‘s S bnms‘hmr ‘kk sgd onrhshud dkdldmsr ne R- Enq ‘mx s ∈ S + vqhsd s ; 0) 0
1m +

vgdqd m ∈ I- Mnsd sg‘s ‘kk dkdldmsr hm AM
�
s. 0

1m

(
‘qd onrhshud ‘mc rn AM

�
s. 0

1m

(
⊂ S - Gdmbd S hr nodm hm R-

1/- ?mrvdq9 Sqtd- Oqnne- Kds R ⊂ V ad ‘ ffmhsd rds- Vqhsd R ; {w0. . . . . wm{- He {T�{�∞Γ hr ‘m nodm bnudq ne R
hm V+ sgdm enq ‘mx h ; 0. . . . . m+ sgdqd hr ‘m �f ∈ Λ rtbg sg‘s wf ∈ T��

‘mc rn {T��
9 h ; 0. . . . . m{ hr ‘ ffmhsd

rtabnudq ne {T�{�∞Γ-

10- ?mrvdq9 E‘krd- Itrshffb‘shnm- Rhmbd I hr tmantmcdc- Ax Sgdnqdl 0-2-4+ I hr mns bnlo‘bs- ?ksdqm‘shudkx+]�
m� 0

1 . m) 0
1

(
9 m ∈ I

{
hr ‘m nodm bnudq ne I vhsgnts ffmhsd rtabnudq- Gdmbd I hr mns bnlo‘bs-

11- ?mrvdq9 Sqtd- Oqnne- Hs hr bknrdc ‘mc antmcdc hm Q1+ gdmbd bnlo‘bs-

12- ?mrvdq9 E‘krd- Itrshffb‘shnm- ?ksgntfg hs hr antmcdc+ rhmbd hs hr mns bknrdc hm Q1+ hs hr mnmbnlo‘bs-

13- ?mrvdq9 E‘krd- Itrshffb‘shnm- ?ksgntfg hs hr bknrdc hm Q1+ rhmbd hs hr tmantmcdc+ hs hr mnmbnlo‘bs-

14- ?mrvdq9 E‘krd- Itrshffb‘shnm- ?ksgntfg R hr bknrdc hm Q+ rhmbd hs hr tmantmcdc+ hs hr mnmbnlo‘bs- ?ksdqm‘shudkx+
{’�0. m( 9 m ∈ I{ hr ‘m nodm bnudq ne R vhsgnts ffmhsd rtabnudq- Gdmbd R hr mnmbnlo‘bs-

15- ?mrvdq9 E‘krd- Itrshffb‘shnm- R hr mns bknrdc hm Q- Hm e‘bs+ ’Q\P(∩Z/. 0“ cndr mns g‘ud ‘mx hmsdqhnq onhms+ gdmbd
’Q\P(∩ Z/. 0“ hr mns nodm hm Z/. 0“ ‘mc rn R ; Z/. 0“\’’Q\P(∩ Z/. 0“( hr mns bknrdc hm Z/. 0“+ sgtr mnmbnlo‘bs- �
?ksdqm‘shudkx+ ohbj ‘mx hqq‘shnm‘k onhms Z ∈ R- Sgdm

])
� 0

m
. Z� 0

m

(
.

)
Z� 0

m
. 0 )

0

m

({

m∞�

hr ‘m nodm bnudq ne R hm Q vghbg g‘r mn ffmhsd rtabnudq- Gdqd+ vd trdc sgd m‘stq‘k bnmudmshnm sg‘s ’�.β( 9; ϕ
enq � ≥ β-

4



16- ?mrvdq9 E‘krd- Itrshffb‘shnm- Hs hr duhcdms sg‘s
]

0
m

{′
m81

hr ‘ B‘tbgx rdptdmbd hm ’/. 0( vghbg hr mns bnmudqfdms
sgdqd-

17- ?mrvdq9 E‘krd- Dw‘lokd9 Kds V ; Q vhsg sgd Dtbkhcd‘m ldsqhb- Cdffmd

wm 9;

]
/ he m hr ncc
0
m he m hr dudm-

Sgdm {wm{→ / ‘mc gdmbd hm o‘qshbtk‘q+ hs hr B‘tbgx- Gnvdudq+ vgdmdudq m+ k ∈ I ‘qd ncc ‘mc chrshmbs+ mn
l‘ssdq gnv k‘qfd sgdx ‘qd+ vd g‘ud

c ’wm)0. wk)0( ;

}}}}
0

m) 0
� 0

k) 0

}}}} / / ; c ’wm. wk(

18- Hs hr dkdldms‘qx sn udqhex sg‘s c hr ‘ vdkk,cdffmdc ldsqhb nm L11- Kds
]
Am ;

�
Zmfi

({
m∞� ad ‘ B‘tbgx rdptdmbd

hm ’L11. c(- Ax cdffmhshnm+ enq ‘mx ε / /+ sgdqd dwhrsr M ∈ I rtbg sg‘s

l‘w
0◦f,i◦1

}}Zmfi � Zkfi
}} ; c ’Am.Ak( , ε vgdmdudq m.k ≥ M.

Hs enkknvr sg‘s enq ‘mx ffwdc o‘hq ’h. i(+
}}Zmfi � Zkfi

}} , ϵ vgdmdudq m.k ≥ M -

Gdmbd
]
Zmfi

{
m∞� hr ‘ B‘tbgx rdptdmbd hm Q+ vghbg ltrs ad bnmudqfdms- Kds Zfi 9; khlm≤′ Zmfi - Sgdm A 9; ’Zfi(

hr sgd khlhs ne Am hm c- Hm e‘bs+ enq ‘mx ε / /+ enq ‘mx h. i ; 0. 1+ sgdqd dwhrsr Mfi ∈ I rtbg sg‘s
}}Zmfi � Zfi

}} , ε vgdmdudq m ≥ Mfi -

S‘jd M 9; l‘w0◦f,i◦1Mfi - Sgdm

c ’Am.A( ; l‘w
0◦f,i◦1

}}Zmfi � Zfi
}} , ε vgdmdudq m ≥ M.

2/- ?mrvdq9 Sqtd- Oqnne- Kds µf 9 Q1 → Q ad sgd oqnidbshnm ne Q1 nmsn hsr h,sg bnnqchm‘sd+ h ; 0. 1 ‘mc µf hr
bnmshmtntr enq h ; 0. 1 ’chrbtrrdc hm sgd bk‘rr(- Cdffmd E 9 Q1 → Q ax

E ’w. x( 9; xe’w( ; ’µ1’w. x(( · ’e ± µ0’w. x(( .

Sgdm vd g‘ud A ; E�0’’/.∞((- Rhmbd e. µ0 ‘mc µ1 ‘qd bnmshmtntr+ rn hr E - ?r ’/.∞( ⊂ Q hr nodm+
A ; E�0’’/.∞(( ⊂ Q1 hr nodm-

20- ?mrvdq9 E‘krd- Dw‘lokd9 Kds V 9; Q. X 9; {/. 0{+ ‘mc e 9 V → X ad fhudm ax

e’w( 9;

]
/ he w ; /

0 he w ̸; /

Sgdm bkd‘qkx e rdmcr dudqx bnlo‘bs rds sn ‘ bnlo‘bs rds ats e hr mns bnmshmtntr-

21- ?mrvdq9 E‘krd- Dw‘lokd9 Kds e 9 Q→ Q ad fhudm ax

e’w( 9;
w1

w1 ) 0
. w ∈ Q.

Sgdm e’Q( ; Z/. 0( ⊂ Q ‘mc rn hm o‘qshbtk‘q+ hs hr mdhsgdq nodm mnq bknrdc-

22- ’‘( Dw‘lokd9 Cdffmd e’w( ;9

]
1w w ∈

�
/. 01

[

0 w ∈
�
0
1 . 0

(
.
Hs hr bkd‘q sg‘s e hr bnmshmtntr nm ’/. 0( ‘mc e’’/. 0(( ; ’/. 0“-

’a( Dw‘lokd9 Cdffmd e’w( 9;

]
/ w ∈ Z/. 0“

0 w ∈ Z1. 2“.
Mnsd sg‘s sgd nmkx nodm rdsr hm S ‘qd ϕ. {/{. {0{. {/. 0{- ?r

e�0’ϕ( ; ϕ. e�0’{/{( ; Z/. 0“

e�0’{0{( ; Z1. 2“. e�0’{/. 0{( ; Z/. 0“ U Z1. 2“

5



‘qd ‘kk nodm hm R+ vd bnmbktcd sg‘s e hr bnmshmtntr nm R-

’b( Rhmbd R hr bnlo‘bs+ S hr mnmbnlo‘bs+ ‘mc bnlo‘bsmdrr rgntkc ad oqdrdqudc ax bnmshmtntr etmbshnmr+ sgdqd
b‘mmns ad ‘mx bnmshmtntr etmbshnm l‘oohmf R nmsn S -

23- ’‘( Enq ‘mx w ∈ Z/. 0“ ∩ P+ s‘jd ε 9; 0
1 - Enq ‘mx δ / /+ sgdqd dwhrsr x ∈ A=+,0[’w. δ( ∩ ’Q\P(+ ‘mc vd g‘ud

c’e’w(. e’x(( ; |0� /| ; 0 / ε- Rn e hr mns bnmshmtntr ‘s w- Rhlhk‘qkx+ enq ‘mx w ∈ Z/. 0“∩ ’Q\P(+ s‘jd ε 9; 0
1 -

Enq ‘mx δ / /+ sgdqd dwhrsr x ∈ A=+,0[’w. δ( ∩ P+ ‘mc vd g‘ud c’e’w(. e’x(( ; |/ � 0| ; 0 / ε- Rn e hr mns
bnmshmtntr ‘s w- Bnlahmhmf+ vd rdd sg‘s e hr mns bnmshmtntr ‘mxvgdqd hm Z/. 0“-

’a( Enq w ; /+ enq ‘mx ε / /+ s‘jd δ 9; ε- Sgdm vd g‘ud f
�
A=+,0[’/. δ(

(
; f’Z/. δ(( ; f’Z/. ε(( ⊂ Z/. ε( ⊂

AN’/. ε( ; AN’f’/(. ε(- Gdmbd f hr bnmshmtntr ‘s w ; /- Enq ‘mx w ∈ ’/. 0“ ∩ P+ s‘jd ε 9; t
1 - Enq ‘mx δ / /+

sgdqd dwhrsr x ∈ A=+,0[’w. δ(∩ ’Q\P(+ ‘mc vd g‘ud c’f’w(. f’x(( ; |w� /| ; w / ε- Rn f hr mns bnmshmtntr ‘s w-

Rhlhk‘qkx+ enq ‘mx w ∈ ’/. 0“ ∩ ’Q\P(+ s‘jd ε 9; t
1 - Enq ‘mx δ ∈

�
/. t1

(
+ sgdqd dwhrsr x ∈ A=+,0[’w. δ( ∩P+ ‘mc vd

g‘ud c’f’w(. f’x(( ; |/� x| ; x / w� δ / t
1 ; ε- Rn f hr mns bnmshmtntr ‘s w- Bnlahmhmf+ vd bnmbktcd sg‘s

f hr bnmshmtntr nmkx ‘s w ; /-

’b( g hr bnmshmtntr he ‘mc nmkx he g’w( ; b enq ‘kk w ∈ Z/. 0“- Hm e‘bs+ hs hr d‘rx sn udqhex sg‘s sgd bnmrs‘ms
etmbshnm g ≡ b hr bnmshmtntr- Bnmudqrdkx+ kds R ; Z/. 0“ ∩ P- Sgdm R̄ ; Z/. 0“ ‘mc rn enq dudqx w ∈ Z/. 0“+
sgdqd dwhrsr ‘ rdptdmbd {wm{m∞� hm R rtbg sg‘s {wm{ → w ‘r m → ∞- Ax sgd bnmshmthsx ne g+ vd g‘ud
g’w( ; khlm≤′ g ’wm( ; b- Gdmbd g’w( ; b enq ‘kk w ∈ Z/. 0“-

24- ’‘( Hs hr dkdldms‘qx sn udqhex sg‘s C hr ‘ vdkk,cdffmdc ldsqhb nm V ·V- Kds {’wm. xm({m∞� ad ‘ rdptdmbd hm
V·V rtbg sg‘s {’wm. xm({→ ’w. x( ‘r m→ ∞- Enq ‘mx ε / /+ sgdqd hr M ∈ I rtbg sg‘sC ’’wm. xm( . ’w. x(( , ε
enq ‘kk m ≥ M - Gdmbd ax sqh‘mfkd hmdpt‘khsx+

|c ’wm. xm(� c’w. x(|
≤ |c ’wm. xm(� c ’wm. x(|) |c ’wm. x(� c’w. x(|
≤c ’xm. x( ) c ’wm. w(

≤1C ’’wm. xm( . ’w. x((

,1ϵ enq ‘kk m ≥ M.

Sgdqdenqd+ {c ’wm. xm({→ c’w. x( ‘r m→ ∞ ‘mc rn c hr bnmshmtntr-

’a( Kds {’wm. e ’wm(({m∞� ad ‘ bnmudqfdms rdptdmbd hm F+ r‘x+ {’wm. e ’wm(({ → ’w. x( ‘r m → ∞- Ax sgd
cdffmhshnm ne C+ vd rdd d‘rhkx sg‘s {wm{ → w ‘mc {e ’wm({ → x ‘r m → ∞- ?r e hr bnmshmtntr+ vd g‘ud
{e ’wm({→ e’w( ‘r m → ∞ ‘mc rn e’w( ; x- Gdmbd {’wm. e ’wm(({→ ’w. e’w(( ∈ F ‘r m → ∞- Sgdqdenqd+ F
hr bknrdc hm V ·V-

25- ’‘( ’h( Sqtd-

Oqnne- Enq ‘mx nodm rds T ⊂ Q1 ‘mc ‘mx w ∈ µ’T( ⊂ Q+ sgdqd dwhrsr x ∈ Q rtbg sg‘s ’w. x( ∈ T - Rhmbd
T ⊂ Q1 hr nodm+ sgdqd dwhrsr q / / rtbg sg‘s AN1’’w. x(. q( ⊂ T - Gdmbd w ∈ ’w � q. w ) q( ; AN’w. q( ⊂
µ ’AN1’’w. x(. q(( ⊂ µ’T(- Sgdqdenqd+ µ’T( hr nodm ‘mc rn µ hr nodm-

’hh( E‘krd-

Dw‘lokd9 R 9;
]�
w. 0t

(
9 w / /

{
⊂ Q1 hr bknrdc ats µ’R( ; ’/.∞( ⊂ Q hr mns bknrdc-

’a( ?mrvdq9 E‘krd- Dw‘lokd9 Kds V 9; ’/. 0( ⊂ Q ‘mc X 9; Q vhsg sgd trt‘k Dtbkhcd‘m ldsqhb- Bnmrhcdq
e’w( 9; w. w ∈ V- ?r nodm rdsr hm ’/. 0( ‘qd nodm hm Q. e hr nodm- Hs hr sqhuh‘k sg‘s e hr bnmshmtntr- Gnvdudq+
‘r sgd hl‘fd ne sgd bknrdc rds ’/. 0( ⊂ V dpt‘kr ’/. 0( ⊂ X vghbg hr mns bknrdc hm X. e hr mns bknrdc-

’b( ?mrvdq9 E‘krd- Dw‘lokd9 Kds V 9; {/{ ⊂ Q ‘mc X 9; Q vhsg sgd trt‘k Dtbkhcd‘m ldsqhb- Bnmrhcdq
e’w( 9; w. w ∈ V- Sgdm hs hr duhcdms sg‘s e hr bknrdc ‘mc bnmshmtntr- Gnvdudq+ ‘r sgd hl‘fd ne sgd nodm rds
{/{ ⊂ V dpt‘kr {/{ ⊂ X vghbg hr mns nodm hm X. e hr mns nodm-

’c( ?mrvdq9 E‘krd- Dw‘lokd9 Kds V 9; Q vhsg sgd trt‘k Dtbkhcd‘m ldsqhb ‘mc kds X 9; Q vhsg sgd chrbqdsd
ldsqhb- Bnmrhcdq e’w( 9; w. w ∈ V- ?r ‘kk rtardsr ne X ‘qd bknodm+ e hr ansg nodm ‘mc bknrdc- Gnvdudq+ ‘r
sgd oqd,hl‘fd ne sgd nodm rds {/{ ⊂ X dpt‘kr {/{ ⊂ V vghbg hr mns nodm hm V. e hr mns bnmshmtntr-

26- ’‘( ?mrvdq9 Sqtd-

Oqnne- Bnmrhcdq sgd etmbshnm e 9 ’/. 0( → Q fhudm ax

e’w( 9; s‘m

)
µ

)
w� 0

1

((
. w ∈ ’/. 0(.
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Hs hr duhcdms sg‘s e hr 0� 0+ nmsn+ bnmshmtntr+ vhsg bnmshmtntr hmudqrd e�0 9 Q→ ’/. 0( fhudm ax

e�0’x( 9;
0

µ
s‘m�0 x )

0

1
. x ∈ Q.

Sgtr ’/. 0( ∼; Q-
’a( ?mrvdq9 E‘krd-

Itrshffb‘shnm- Adhmf ‘ bknrdc ‘mc antmcdc rtards ne Q1. R0 hr bnlo‘bs- Rhmbd bnlo‘bsmdrr hr ‘ snonknfhb‘k
oqnodqsx+ R0 b‘mmns ad gnldnlnqoghb sn sgd mnm,bnlo‘bs ro‘bd Q-
’b( ?mrvdq9 E‘krd-

Itrshffb‘shnm- Vqhsd V ; ’/. 0( U {1{- Rtoonrd sgdqd vdqd ‘ gnldnlnqoghrl e 9 V → ’/. 0“- Sgdm ‘r
’/. 0( ⊂ V hr bknrdc+ e’’/. 0(( ⊂ ’/. 0“ rgntkc ‘krn ad bknrdc- Gnvdudq+ nardqud sg‘s

e’’/. 0(( ; ’/. 0“\{e’1({

;

]
’/. 0( he e’1( ; 0

’/. Z( U ’Z. 0“ he e’1( ; Z ∈ ’/. 0(.

Hm dhsgdq b‘rd+ e’’/. 0(( hr mns bknrdc hm ’/. 0“-

27- ’‘( ?r Z/. 0“ ‘mc Z1. 2“ ‘qd mnmdlosx chrinhms nodm rtardsr ne V vgnrd tmhnm hr V+ sgdx enql ‘ rdo‘q‘shnm ne
V-

’a( ?r Z/. 0( ‘mc ’0. 1“ ‘qd mnmdlosx chrinhms nodm rtardsr ne V vgnrd tmhnm hr V+ sgdx enql ‘ rdo‘q‘shnm ne
V-

’b( ?r ’�∞. /( ‘mc ’/.∞( ‘qd mnmdlosx chrinhms nodm rtardsr ne V vgnrd tmhnm hr V+ sgdx enql ‘ rdo‘q‘shnm
ne V-

’c( S‘jd ‘mx w ∈ Q\P- Sgdm {’�∞. w( ∩P. ’w.∞( ∩P{ hr ‘ rdo‘q‘shnm ne P-
’d( Kds V ad ‘ chrbqdsd ldsqhb ro‘bd vhsg ”’V( / 0 ‘mc Z ∈ V- Sgdm V\{Z{ ;̸ ϕ ‘mc rn {{Z{. V\{Z{{ hr ‘
rdo‘q‘shnm ne V-

’e( Rhmbd ‘ rhmfkdsnm b‘mmns ad rokhs hmsn svn mnmdlosx rtardsr+ hs hr bkd‘q sg‘s dudqx rhmfkdsnm hr bnmmdbsdc-
Hm o‘qshbtk‘q+ dudqx ldsqhb ro‘bd bnms‘hmr bnmmdbsdc rtardsr-

’f( Vhsgnts knrr ne fdmdq‘khsx+ vd bnmrhcdq R0\{m. r{+ vgdqd m 9; ’/. 0( cdmnsdr sgd !mnqsg onkd! ‘mc r 9;
’/.�0( sgd !rntsg onkd! ne sgd tmhs bhqbkd R0- Sgdm

]
R0 ∩

]
’w. x( ∈ Q1 9 w / /

{
. R0 ∩

]
’w. x( ∈ Q1 9 w , /

{{

hr ‘ rdo‘q‘shnm ne R0\{m. r{-
’g( Vhsgnts knrr ne fdmdq‘khsx+ vd s‘jd R0 ‘r sgd tmhs bhqbkd

]
’w. x. /( 9 w1 ) x1 ; 0

{
hm sgd wx,ok‘md hm Q2-

Sgdm ]
R1 ∩

]
’w. x. y( ∈ Q2 9 y / /

{
.
]
R1 ∩

]
’w. x. y( ∈ Q2 9 y , /

{{

hr ‘ rdo‘q‘shnm ne R1\R0-

28- ’‘( ?mrvdq9 E‘krd-

Dw‘lokd9 Kds V 9; Q. R 9; Z/. 0“. S 9; ’0. 1(- Bkd‘qkx R ‘mc S ‘qd chrinhms ats R U S ; Z/. 1( hr bnmmdbsdc-

’a( ?mrvdq9 E‘krd-

Dw‘lokd9 Kds V 9; Q ‘mc R 9; {/{- Sgdm R hr bnmmdbsdc ats R ̸⊂ ϕ ; R→-

’b( ?mrvdq9 E‘krd-

Dw‘lokd9 Kds V 9; Q ‘mc R 9; ’/. 0(- Sgdm R hr bnmmdbsdc ats >R ; {/. 0{ hr mns-

’c( ?mrvdq9 E‘krd- Dw‘lokd9 Kds V 9; Q ‘mc R 9; ’/. 0( U {1{- Sgdm R\R→ ; {1{ hr bnmmdbsdc ats R hr mns-

’d( ?mrvdq9 E‘krd- Dw‘lokd9 Kds V 9; Q\{/{- Sgdm A’0. 1( ; ’�0. /( U ’/. 2( hr chrbnmmdbsdc-
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3/- ’‘( Enq ‘mx ε / / ‘mc ‘mx w0. w1 ∈ ’/. 0“+ vd g‘ud

|e ’w0(� e ’w1(| ;
}}w10 � w11

}} ; |w0 ) w1| |w0 � w1| ≤ 1 |w0 � w1| .

Gdmbd vgdmdudq 1 |w0 � w1| , ε+ vd g‘ud |e ’w0(� e ’w1(| , ε- Sghr rtffdrsr sg‘s δ 9; ε<1 hr ‘ tmhenql δ sg‘s
vnqjr dudqxvgdqd nm ’/. 0“-

Rn sgd enql‘k oqnne fndr ‘r enkknvr9 Enq ‘mx ε / /+ ohbj δ 9; ε<1- Sgdm vd g‘ud

|e ’w0(� e ’w1(| ;
}}w10 � w11

}} ; |w0 ) w1| |w0 � w1| ≤ 1 |w0 � w1| , 1δ ; ε

enq ‘kk w0. w1 ∈ R vhsg |w0 � w1| , δ- Gdmbd e hr tmhenqlkx bnmshmtntr nm ’/. 0“-

’a( Hs hr bkd‘q sg‘s e hr bnmshmtntr dudqxvgdqd nm Q- ?krn+ ax sgd Pdl‘qj enkknvhmf Dw‘lokd 3-0-3+ e hr
tmhenqlkx bnmshmtntr nm dudqx antmcdc rtards ne Q- Gnvdudq+ hs hr mns tmhenqlkx bnmshmtntr nm ’/.∞(- Hm
e‘bs+ hm uhdv ne sgd oqdbdchmf Pdl‘qj+ kds tr s‘jd ε 9; 0- Enq ‘mx δ / /+ s‘jd w0 9; 0

δ ‘mc w1 9; 0
δ ) δ

1 - Sgdm
w0. w1 ∈ ’/.∞(

8


